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Abstract. Quaternionic and octonionic spinors are introduced and their fundamental properties 
(such as the space-times supporting them) are reviewed. The conditions for the existence of their 
associated Dirac equations are analyzed. Quaternionic and octonionic supersymmetric algebras 
defined in terms of such spinors are constructed. Specializing to the D 1-dimensional case, the 
relation of both the quaternionic and the octonionic supersymmetries with the ordinary M-algebra 
are discussed. 


INTRODUCTION 

The division algebras are responsible for many important mathematieal struetures of 
interest for physieists (as an example one ean eite the Hopf fibrations). 

In this talk we review at first the well-known, see e.g. dH], dl eonnection between 
division algebras and Clifford algebras, explaining also in whieh sense we ean extend 
the (assoeiative) notion of Clifford algebra in order to aeeommodate an alternative 
(i.e. non-assoeiative) strueture as the one given by the oetonions. This motivates us 
to introduee quaternionic and octonionic spinors following dll] for later studying their 
free dynamics (namely, their associated Dirac-type of equations) for any space-time 
supporting quaternionic or octonionic spinors. 

The potentially most interesting physical applications of the formalism here discussed 
concern supersymmetry. There are several reasons for that. Division algebras, including 
quaternions and oetonions, naturally enter the classification of supersymmetry, 0]. 
Oetonions (for a review on them one can consult 0]), which on mathematical side are 
the most interesting structure (taking into account that they are the maximal division 
algebra and are associated with the existence of the exceptional Lie algebras, 10]), so far 
have not found any concrete application in physics, despite many attempts to introduce 
them in several different contexts (e.g. in order to ex^ain the strong interactions and the 
confinement of quarks, dUl)- On the other hand, see Isl] and references therein, one very 
appealing possibility could be found at the very heart of the unification program of the 
interactions which goes under the name of M-Theory. Indeed in the past ||^ octonionic- 
valued superstrings have been described. More recently, El and ifTHl . it was shown that 
an octonionic-valued version of the 11-dimensional M-algebra can be constructed and 
admits very peculiar properties. This opens the way to a possible octonionic formulation 
of the M-theory, which could correspond to some suggestions put forward in |0] and 

ill. 

For what concerns the quaternionic supersymmetry, its mathematical aspects have 
been clarified and classified (see jHHl)- It must be said that no concrete physical imple- 



mentation has yet been investigated. The most elosely related relevant applieation so far 
eoneems the analytie eontinuation of the M-algebra to the Euelidean llT^ . It is based on 
eomplex spinors living on a quatemionic spaeetime. 


ON CLIFFORD ALGEBRAS AND DIVISION ALGEBRAS 

The basie relation defining a Clifford algebra is given by 

= 2?]^'', (i) 

with 7]^^ being a diagonal matrix of (p, q) signature (i.e. p positive, +1, and q negative, 
— 1, diagonal entries). 

On the other hand the four division algebra of real (R) and complex (C) numbers, 
quaternions (H) and octonions (O) possess respectively 0, 1, 3 and 7 imaginary elements 
Ci satisfying the relations 


— ^ij T G jk^^k-i (2) 

are restricted to take the value 1 in the complex case, 1,2,3 in the quatemionic 
case and 1,2,... ,7 in the octonionic case; furthermore, the sum over repeated indices 
is understood), with Cijk the totally antisymmetric division-algebra stmcture constants. 
The octonionic division algebra is the maximal, since quaternions, complex and real 
numbers can be obtained as its restriction. Its totally antisymmetric octonionic stmcture 
constants can be expressed as 

Cl23 = Cl47 = Ci65 = ^246 = ^257 = ^354 = ^367 = 1 (3) 

(and vanishing otherwise). 

The octonions are the only non-associative, however alternative (see ||5|]), division 
algebra. 

It is therefore clear, due to the antisymmetry of Cijk, that O can be realized, for the 
(0,3) and the (0,7) signatures, in terms of, respectively, the imaginary quaternions and 
the imaginary octonions. 

With an abuse of language (due to their non-associativity) when in the following we 
will speak about “octonionic Clifford algebra" we will always have in mind the above 
connection. 

For our later purposes it is of particular importance the notion of division-algebra 
principal conjugation. Any element X in the given division algebra can be expressed 
through the sum 


X = xo+Xiei, (4) 

where xq and Xi are real, the summation over repeated indices is understood and the 
positive integral i are restricted up to 1,3 and 7 in the C, H and O cases respectively. 
The principal conjugate X* of X is defined to be 

X* = 


XQ-XiCi. 


(5) 


It allows introducing the division-algebra norm through the produet The normed- 
one restrietions 


= 1 


( 6 ) 


seleet the three parallelizable spheres 5^ and 5^ in assoeiation with C, H and O 
respectively. 

Further eomments on the division algebras and their relations with Clifford algebras 
ean be found in |I3]. 

The eonneetion between division algebras and Clifford algebras ean be extended 
to other signature spaeetimes as well. The two following algorithms ean be used to 
lift J-dimensional Gamma matrices (denoted as yf) of a D = p + q spaeetime with 
(p, q) signature into 2(i-dimensional D + 2 Gamma matriees (denoted as Fj) of a D + 2 
spaeetime, produeed aeeording to either 


or 



{p,q) ^ {p+l,q+l). 




0 Yi 

-Yi 0 


0 Id 
Id 0 



(p,q) ^ (q + 2,p). 


(7) 


( 8 ) 


The relation o ean therefore be realized, for speeifie spaeetimes, in terms of quadratie 
matriees with either quatemionie or oetonionie entries. The spaeetimes supporting sueh 
Clifford realizations can be easily eomputed. In the oetonionie case, up to D = 13, we 
obtain the following list of oetonionie spaeetimes 


D = 1 

(0,7), (7,0) 

D = S 

(0,8),(8,0) 

D = 9 

(0,9),(9,0),(1,8),(8,1) 

D=10 

(1.9).(9,1) 

D=n 

(1,10), (10,1), (2,9), (9,2) 

D=n 

(2,10), (10,2) 

D= 13 

(3,10),(10,3),(2,11),(11,2) 


An analogous list ean be produeed in the quatemionie ease too. 


A comment on the oetonionie realization 

One should be aware of the properties of the non-assoeiative realizations of the rela¬ 
tion O, in terms of Gamma-matriees with octonionic-valued entries. In the oetonionie 
















case the eommutators 


^^lv — [r/xiTv] (10) 

no longer correspond, as in the associative ease, to the generators of the Lorentz group. 
They correspond instead to the generators of the eoset SO{p,q)/G 2 , being G 2 the 14- 
dimensional exeeptional Lie algebra of automorphisms of the oetonions. This point 
ean be easily illustrated with the basic example of the Euclidean 7-dimensional ease 
expressed by the imaginary oetonions. Their eommutators give rise to 7 = 21 — 14 
generators, isomorphie to the imaginary oetonions. Indeed 

[ei,ej\ = ICijtek- ( 11 ) 

The altemativity property satisfied by the oetonions implies that the seven-dimensional 
eommutator algebra among imaginary oetonions is not a Lie algebra, the Jaeobi identity 
being replaced by a weaker condition that endorses (fTTI) with the strueture of a Malcev 
algebra (see lEI]). 

Sueh an algebra admits a niee geometrical interpretation Oi. Indeed, the normed 
1 unitary oetonions X = xq satisfying the dH) eondition deseribe the seven-sphere 
5^. The latter is a parallelizable manifold with a quasi (due to the lack of associativity) 
group structure. 

On the seven sphere, infinitesimal homogeneous transformations which play the role 
of the Lorentz algebra ean be introduced through 

dX = a-X, (12) 

with a an infinitesimal eonstant octonion. The requirement of preserving the unitary 
norm © implies the vanishing of the ao eomponent, so that a = atej. Therefore, the 
above eommutator algebra (fTTTi . generated by the seven Ci, can be interpreted as the 
algebra of “quasi" Lorentz transformations acting on the seven sphere 5^. At least in 
this specifie example we discovered a niee geometrical setting underlining the use of 
the oetonionic realization of the Clifford relation o with (0,7) signature. Indeed, while 
the assoeiative representation (realized by 8 x 8 real matrices) of the seven dimensional 
Clifford algebra is required for deseribing the Euelidean 7-dimensional flat space, the 
non-assoeiative realization describes the geometry of 5^. 


The Weyl condition 


Spinors can simply be introdueed as eolumn-vectors with entries valued in the given 
division algebra and carrying a representation of the Lorentz-algebra generators 
introduced in Col) (Oetonionic spinors, as discussed in the previous subseetion, carry a 
representation of the G 2 coset). 

A partieular ease arises for those space-time whose associated Gamma-matrices can 
be ehosen to be block-antidiagonal, i.e. of the form 


= 


0 

0^ 0 


( 13 ) 


The corresponding signatures can be easily recovered from the introduced algorithmic 
constructions O and We will call the Gamma-matrices satisfying (1131 as “gen¬ 
eralized Weyl matrices". The generators of (fTIH in this case carry fundamental 
spinor-representations, realized by either upper or lower Weyl spinors, whose number 
of components is only half of their size. 

In the Weyl case two projectors P± can be introduced through 


P± = 



and the corresponding chiral (upper components) and antichiral (lower components) 
Weyl spinors, whose number of components is half of the size of the corresponding 
r-matrices, can be defined as satisfying 

'Pi = Pi'P. (15) 


QUATERNIONIC AND OCTONIONIC DIRAC EQUATIONS 

In the previous section we have introduced all the necessary ingredients (division- 
algebra valued Clifford algebras and the associated spinors) to define the quaternionic 
and octonionic versions of the Dirac equation. 

In this section we introduce such equations and provide the full classification 0 of 
the spacetimes supporting them (and under which condition, i.e. the possible presence 
of massive or pseudomassive terms, Weyl spinors, etc.). The results will be presented in 
a series of tables. 

Let us introduce at first the needed conventions. A matrix A, given by the product 
of all time-like Gamma matrices and generalizing the role of F® in the Minkowskian 
case is used to define barred spinors (\j7 = Xj/'^A). (Pseudo)-kinetic and (pseudo)-massive 
terms can be introduced for full (NW) and Weyl (W) spinors according to the following 
prescriptions (in order to avoid unnecessary repetitions, it is sufficient to list here the 
octonionic case, the quaternionic one being easily recovered from the given formulas). 

The (pseudo)-kinetic terms are given according to 

Kx = ^tr[('PUr^^X)a^'P] + itr['P^(Ar^^A<9^'P)], 

K//X = ^tr[('P^Ar^X)<9^'P+] + itr['P^(Ar^Aa^'P+)], 

Some remarks are in order. The first line refers to full spinors, while the suffices “//" 
and “±" are used to denote bilinear terms constructed with Weyl spinors of, respectively. 


same and opposite ehiralities. Please notiee that, due to the non-assoeiativity of the 
oetonions, we need to speeify the eorreet order in whieh the operations are taken (this 
is not neeessary in the quatemionie ease). The symbol “X" denotes the possibility 
of introdueing, depending on the given spaee-time, external, extra-type of Gamma 
matriees, whieh eould be either of time-like, or of spaee-like nature. More speeifieally, 
in the tables below, X will be denoted as T, S, J or F whether it will be assoeiated with 
external time-like Gamma matriees (T), spaee-like (S) ones, the produet of two of them 
(7) or, finally, of three of them (F). The presenee of an extra-number speeifies how many 
inequivalent ehoiees for the introduetion of sueh matriees ean be given. 

It should also be notieed that, in the oetonionie ease, the symbol “tr" introdueed on 
the r.h.s. denotes the projeetion over the oetonionie identity (while in the quatemionie 
ease it eoineides with the usual definition of the traee). 

In full analogy with the (pseudo)-kinetie terms, (pseudo)-massive terms in a la- 
grangian aetion ean be introdueed through 

Mx = tr('PUx'P), 

M//X = tr('P^AX'P+), 

Mxx = tr('P^AX'P +'P1 aX'P+), 

Due to the antieommuting eharaeter of the spinors and of their basie eomponents, the 
non-vanishing (pseudo)kinetio and (pseudo)massive terms are only allowed in given 
spaeetimes. In the next two subseetion we report the full elassifieation of the allowed 
Dirae equations in, respeetively, the quatemionie and oetonionie eases. 


The quatemionie Dirac equations 

We present here the tables of the allowed free (pseudo)-kinetie and (pseudo)-massive 
terms for quatemionie spinors. The eolumns are labeled by t mod 4 and the rows by 
t — s mod 8 (t, 5 denoting the number of time-like and spaee-like direetions of the given 
spaee-time), while the symbols used in the entries have been explained above. 

For full spinors {NW) ease we have 



0 

1 

2 

3 

0 


K, Kf, Mj. 

K, Ksj, M, Mf 

F 5 ., Kj., M, Msj, Mf 

5 


K 

K,M 

M 

6 

Ms 

K 

K, Ks, M 

Ks, M, Ms 

7 

Kj, Ms,Mj 

K,Mj 

K,Ks,,M 

Ksi ,Kj,M, Msi 


( 16 ) 



while for Weyl spinors (V7 case) we get 



0 

1 

2 

3 

1 

M//JJ 

^1 iFi^l jJp^Uj 

/ F 7 -^-L 7 

KpF,K//j., 

Mp 

2 

K//Ti,K±j, 

M//J 

M/fTpMpj 

Kp, 

M/j^MpTi 

Mp 

3 

K//J 

Ki/^KpT. 

M/it 

Kp, 

M//,MpT 

Mp 

4 


K// 

Ku 

M/, 

Mp 


( 17 ) 

Please notice that in the two tables above the suffix denotes the existence of three 
inequivalent choices for the corresponding matrices (e.g., the three distinct space-like 
matrices Sj), while the suffix “z" denotes the existence of two inequivalent choices. 


The octonionic Dirac equations. 

In full analogy with the previous case, we are able to produce the tables corresponding 
to the allowed (pseudo)-kinetic and (pseudo)-massive terms in octonionic Dirac equa¬ 
tions. We get, in the (NW) case 



0 

1 

2 

3 

1 


K 

K,M 

M 

2 

Ms 

K 

K,Ks,M 

Ks, M, Ms 

3 

KjMs.Mj 

K,Mj 

K,Ks„M 

Ks,, Kj, M, Ms, 

4 

Kjj, Kf, Msj, Mj. 

K, Kf, Mj., Mf 

K,Ksj,M,Mf 

Ksj, Kjj, M, Msj 


( 18 ) 




























while in the W (Weyl) ease we obtain 



0 

1 

2 

3 

0 


K/l 

Kp, 

Mu 


5 

M/ij.,MpF 


Mii,Mx Tj 


6 

M/ij, 


K±, 

K/U. 

Mp 

7 

Kur 

Mj/T 

Kf, 

Mp 


The introdueed symbols have the same meaning as before. 


QUATERNIONIC AND OCTONIONIC SUPERSYMMETRIES 

It eomes to no surprise that the most potentially interesting physieal applieations of the 
formalism and results previously introdueed eoneern supersymmetry. After all, super- 
symmetry is nowadays (in the superstring/M-theory seenario) a neeessary ingredient for 
our present understanding of fundamental interactions. 

If octonions should play any role at all in physics, this is quite likely being in relation 
with the unification of all interactions realized by supersymmetry in higher-dimensional 
spacetimes. The mere fact that an octonionic formulation of the M-algebra is available 
OlOll gives us some hopes that this program could one day be carried out. 

In this section we will briefly review how generalized supersymmetries in higher¬ 
dimensional space-times (which are regarded as the scenarios for the unification of in¬ 
teractions and must be supplemented by some dimensional-reduction mechanism such 
as the Kaluza-Klein compactifications) can be constructed in terms of quatemionic and 
octonionic spinors (depending on the spacetime, either within or without a Weyl pro¬ 
jection). The scheme of this section is therefore the following, at first the necessary 
ingredients to define (division-algebra valued) generalized supersymmetries are intro¬ 
duced. Next, the two cases of quatemionic and octonionic supersymmetries are more 
closely analyzed. We especially focus on results concerning the D = 11-dimensional 
spacetimes, mostly because this is the space-time dimensionality where the supposed 
M-theory should live. 

In terms of n-component real spinors Qa, the most general real supersymmetry algebra 
is represented by 

{Qa,Qb} - ^ab, (19) 

where the matrix ^ appearing in the r.h.s. is the most general nxn symmetric matrix 
with total number of components. For any given space-time we can easily com¬ 
pute its associated decomposition of S’ in terms of the antisymmetrized products of 




































fc-Gamma matrices, namely 


3f,i = ( 20 ) 

k 

where the values k entering the sum in the r.h.s. are restricted by the symmetry require¬ 
ment for the a b exchange and are speeific for the given spaeetime. The coefficients 
■■■fj-k] are the rank-fc abelian tensorial eentral eharges. 

In the Minkowskian (10,1) space-time, supporting 32-component real spinors, the 
bosonic r.h.s. is split into the 11 -1-55 -1-462 = 528 bosonie eomponents sectors Mi -|- 
M 2 -I-M 5 , where the k in M^, for k = 1,2,5, speeifies the level of the rank-k antisymmetrie 
tensors. 

When the the fundamental spinors entering the supersymmetry algebra belong to a 
division algebra other than the real one (this is evidently true in the quaternionic and 
oetonionie eases), an extra possibility is available. The most general supersymmetry 
algebra ean be expressed in terms of antieommutators among the fundamental spinors 
Qa and their eonjugate Q*a, where the eonjugation refers to the prineipal eonjugation 
in the given division algebra. One should remember that the principal conjugation, 
restricted to real spinors, aets as the identity, see ©. In the quaternionie and oetonionie 
(as well as eomplex) eases we have 


{Q.,Qi,} = X,!, , {Q''a,Q’t} = X%t, ( 21 ) 

together with 

{e.,e*i} = (22) 

where the matrix ^ab (^*dh conjugate and does not eontain new degrees of 
freedom) is symmetric, while is hermitian. 

Two big elasses of subalgebras, respeeting the Lorentz-eovarianee, ean be obtained 
from dZD and (1^ by imposing division-algebra eonstraints, obtained by setting iden- 
tieally equal to zero either or W, namely ah = *^he only bosonie 

degrees of freedom enter the hermitian matrix or, eonversely, = 0, so that the 
only bosonie degrees of freedom enter ^ab and its eonjugate matrix S ’*The first type 
of eonstraint will be referred as the one giving rise to the “hermitian" generalized super- 
symmetries, while the generalized supersymmetries satisfying the second constraint will 
be referred to as “holomorphie" generalized supersymmetries. 

Several other eonstraints ean be imposed, for instanee one ean eonsistently set, for 
eomplex spinors, the matrix Z entering (ITTIl to be real. However, for our purposes, it is 
enough to eoneentrate on hermitian and holomorphie supersymmetries. 


Quaternionic supersymmetries 

Both the hermitian and holomorphie quaternionic supersymmetries ean be elassified 
with the help of tables speeifying the number and type of bosonie elements (abelian 
tensorial central charges of rank k) entering the r.h.s. . It is worth noticing that the 


results do not depend on the signature of the assoeiated spaee-time, but only on its 
dimensionality D, provided of eourse that the assoeiated spaeetime is aetually earrying 
quatemionie spinors. 

For what eoneerns the quatemionie hermitian supersymmetry we get 


spaeetime 

bosonie seetors 

bosonie eomponents 

D = 3 

Mo 

1 

D = A 

Mo 

1 

D = 5 

Mo A-Ml 

l-h5 = 6 

D = 6 

Ml 

6 

D = 1 

Ml -\-M2 

7-f21 = 28 

D = S 

M2 

28 

D = 9 

M2 A-Mt, 

36 + 84= 120 

D=10 

M2 

120 

D=n 

Mq -(- A /3 -|- A /4 

1 + 165 + 330 = 496 

D=12 

Mo M4 

1+495 = 496 

D= 13 

A/q "t“ A/ 1 “h A /4 “h A /5 

1 + 13+715 + 1287 = 2016 


The last eolumn denotes the number of bosonie eomponents enetring the rank-A: deeom- 
position. It is worth notieing that the hermitian quatemionie supersymmetry saturates the 
bosonie seetor. 

This property is not hold by the holomorphie quatemionie supersymmetry. The reason 
ean be traeed to the faet that if we try implementing transposition on imaginary quater¬ 
nions we are in eonfliet with their produet sinee, e.g., {e\ ■ 62 )^ = 62 ^ -ei^ = —^3 7 ^ . 

Indeed the only eonsistent operation respeeting the eomposition law would eorrespond 
to setting — —eu but this in faet eoineides with the prineipal eonjugation employed 
in the eonstruetion of quatemionie hermitian matriees and quatemionie hermitian super- 







symmetries. The holomorphie analog of the previous table is given by 


spacetime 

bosonic sectors 

bosonic components 

D = 3 

Mq + Mi 

1+3 = 4 

D = 4 

Ml 

4 

D = 5 

Ml 

5 

D = 6 

— 

— 

D = 1 

— 

— 

D = 8 

— 

— 

D = 9 

Mo 

1 

D= 10 

Mq + Mi 

1 + 10= 11 

D= 11 

Mq + Mi 

1 + 11 = 12 

D= 12 

Ml 

12 

D= 13 

Ml 

13 


The above results ean be interpreted as follows: quatemionie holomorphie supersym¬ 
metry eannot admit bosonie tensorial eentral eharges of rank k >2. At most a single 
bosonie eentral eharge (Mo), depending on the dimensionality of the spaee-time, ean ex¬ 
ist. In some dimensions, no eonsistent quatemionie holomorphie supersymmetry can be 
defined. 

From physical point of view, so far, the most interesting application of supersym¬ 
metries of quatemionie spacetimes does not directly concern the quatemionie super- 
symmetry, but the complex holomorphie supersymmetry which can be realized with the 
quatemionie spinors entering the 11-dimensional quatemionie spacetime (0,11). The 
bosonic components correspond to the 528 bosonic components of the real M algebra 
and the IID complex Euclidean holomorphie supersymmetry can be regarded as the 
Euclideanized version of the M algebra, see Q. 


Octonionic supersymmetries 

Eet us discuss now the peculiar features of the octonionic supersymmetries which are 
consequences of the non-associativity of octonions. The octonionic supersymmetries 
exist for the spacetimes entering the ® table. It is worth mentioning that here we limit 
ourselves to consider only “hermitian" octonionic supersymmetries. 

In a D-dimensional spacetime described in terms of the octonions, D — 7 Clifford 
Gamma matrices are purely real, while the remaining 7 of them are given by the 
imaginary octonions ei, i = 1,2,... ,7, multiplying a common real matrix. In describing 
the antisymmetric product of k > 2 octonionic E-matrices a correct prescription must 
be specified to take into account the non-associativity of the octonions. As a matter of 
fact, the correct prescription can be induced by assuming a given prescription for the 
antisymmetrized product of k > 2 imaginary octonions e,. The correct prescription can 






































be uniquely specified by assuming the validity of the Hodge duality and an irreducibility 
requirement, namely that the rank-fc antisymmetric product of k imaginary octonions 
are either proportional to the octonionic identity or to the imaginary octonions. In full 
generality, this prescription corresponds at taking the following antisymmetrized product 
of k octonionic Gamma matrices 

[ri-r 2 .....rti = ^ £ (-i)®'■'•(r,..r„....r„), (25) 

perm. 

where (Fi ■ r 2 ... ■ F^) denotes the symmetric product 

(r,.r2-...-rt) = I(.((r,r2)r3...)n) + l(r,(r2(...r,)).). (26) 

The usefulness of this prescription is due to the fact that the product 


A[Fi-F2 -...-F^], (27) 

(where A is the matrix, product of the time-like Gamma matrices, already introduced 
at the beginning of this section) has a definite (anti)-hermiticity property. The different 
(EUl tensors, for different choices of the Gamma’s, are all hermitian or antihermitian, 
depending only on the value of k and not of the F’s themselves. In odd-dimensions D we 
get the table, whose columns are labeled by the antisymmetric tensors rank k, specifying 
the number of independent bosonic components in each rank-k antisymmetric product 

(ESI). 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

D = 1 

1 

7 

7 

1 

1 

7 

7 

1 







D = 9 

1 

9 

22 

22 

10 

10 

22 

22 

9 

1 





D=n 

1 

ii 

41 

75 

76 


52 

76 

75 

41 

ii 

1 



D= 13 

1 

13 


168 

267 

279 

232 

232 

279 

267 

168 


13 

1 


(28) 


An analogous table can be produced in even-dimensional spacetimes as well. 

In the above table the k sectors corresponding to hermitian matrices (and therefore 
entering the r.h.s. of a generalized supersymmetry) are underlined. 

The table above shows the existence of identities relating higher-rank antisymmetric 
octonionic tensors. Let us discuss the D = 11 example. The 52 independent components 
of an octonionic hermitian (4 x 4) matrix can be expressed either as a rank-5 antisym¬ 
metric tensors (simbolically denoted as “M5"), or as the combination of the 11 rank-1 
(A/1) and the 41 rank-2 {M2) tensors. The relation between M\ -\-M2 and MS can be 
made explicit as follows. The 11 vectorial indices /i are split into 4 real indices, labeled 

















































































by a,b,c,... and 7 octonionic indices labeled by i, We get, on one side, 


4 

7 

6 

4 X 7 = 28 
7 


MU 

Ml/ 

M 2 [^/,] 

M 2 [fl/] 

M 2 [/^.]=M 2 , 


while, on the other side. 


2 M5[g/,c^/]=M5/ 

4 X 7 = 28 M5[q^ci7] = ^^[ ai ] 

6 M5 Jq/,/ = M5 

4 M5[q/^-^/j = M 5 a 

7 M5[/^-^/,„] =M5/ 


whieh shows the equivalenee of the two seetors, as far as the tensorial properties are 
eoneemed. Please notiee that the correct total number of 52 independent eomponents is 
reeovered 


52 = 2x7 + 28 + 6 + 4. (29) 

The octonionic equivalence of different antisymmetrie tensors can be symbolically 
expressed, in odd space-time dimensions, through 


D = 1 

o 

III 

OJ 

D = 9 

MO + Ml =M4 

D=n 

Ml+M2=M5 

D=13 

M2+M3 =M6 

D=\5 

M3+M4 = M0 + M7 


The octonionic M-algebra 

We are now in the position to introduee the octonionic M algebra 
It corresponds to replaee the real supersymmetry algebra in the (10,1) spaeetime, 
given by 

{QaM = {AT^UP^ + (Ar[^,]),,z[^"l + 

with its two oetonionie-valued variants, given by 4-eomponent oetonionie spinors Qa 
(together with their eonjugate spinors 2*/,) and the 52 oetonionie-valued 4x4 hermitian 
matrices whieh can be expressed, either as the 11+41 bosonie generators entering 

{Qa.Q\}=P^iAr^)ab+Zi^\Ar^,)ab, 


(32) 












or as the 52 bosonic generators entering 


Associated to the above octonionic M algebra, its superconformal extension, given by 
the 05p(l, 8|0) superalgebra, can be constructed 0 . 


CONCLUSIONS 


In this paper we have quickly reviewed the fundamental issues concerning the employ¬ 
ment of quatemionic and octonionic spinors. In particular we have described a general 
construction which allows us to specify the spacetimes supporting quatemionic and oc¬ 
tonionic spinors. The specific problems raised by the non-associativity of the octonions 
have been discussed and clarified. It was shown, in particular, that octonionic spinors 
naturally encode the geometry of the Euclidean seven-sphere . 

With our tools we were able to construct and classify all free Dirac-type equations in¬ 
volving quatemionic and octonionic spinors. The concepts of Weyl spinors, the presence 
of (pseudo)-kinetic and (pseudo)-massive terms in association with different space-times 
have been fully investigated and the complete list of results has been reported. 

In the last part of this talk we took a further step. In view of studying the possible 
physical consequences of the formalism here introduced we applied the above inves¬ 
tigation to the construction and the classification of the generalized supersymmetries 
supported by quatemionic and octonionic spinors. Some recent results on this subject 
have been reported, like the notion of division-algebra constrained (in the quatemionic 
case) hermitian and holomorphic suprsymmetries. 

By far the most intriguing possible application of the ideas related with the octonionic 
spinors concern the M-theory investigations, as suggested in and El] . Indeed, it is 
quite remarkable that an octonionic stmcture can be introduced, instead of the standard 
real stmcture, in defining the (octonionic version of) the A/-algebra. Peculiar identities, 
relating different rank-k antisymmetric tensors of the bosonic sectors, are an absolute 
novel feature of the octonionic formulation, finding no counterparts in the standard 
formulation. It is worth noticing that, in a somewhat different context, octonions have 
been suggested |0] to be linked to a possible exceptional formulation Ilia] for a single 
unifying theory of all interactions. 

The investigations concerning the dynamics of octonionic spinors are a necessary 
preliminary step to unveil this challenging and fascinating present area of research. 
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